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Cohomology groups of sections of 
homogeneous line bundles over a 
toroidal group 

Yukitaka Abe 


Abstract 

We completely determine cohomology groups of sections of homogeneous line 
bundles over a toroidal group. 0EI 


1 Introduction 

A toroidal group is a connected complex Lie group without non-constant holo- 
morphic functions. Such a group appears as the steinizer of a complex Lie group 
m. 0)- It is well-known that a toroidal group is commutative. Then it is iso¬ 
morphic to a quotient group C"/r of C" by a discrete subgroup L. A complex 
torus is a compact toroidal group. By the Remmert-Morimoto theorem m 
and [3]) every connected commutative complex Lie group is isomorphic to the 
product of copies of C, copies of C* = C \ {0} and a toroidal group. A toroidal 
group plays an important role in the study of complex Lie groups. Moreover 
the relations to the number theory are known (cf. [2], [3]). 

Let A be a toroidal group. The cohomology groups HP{X, O) {p > 1) were 
completely determined by Kazama (0). The next problem is to determine 
HP{X,0{L)) for any holomorphic line bundle L over X. If X is compact, i.e. 
a complex torus, then we know the cohomology groups HP{X,0{L)) for any 
L. The general result is known as the Index theorem. In this case we need 
tools which are valid for compact Kahler manifolds. Unfortunately, they are 
not applicable to non-compact toroidal groups. 

In this paper we consider homogeneous line bundles L over a toroidal group 
X = C"/r with rankr = n + m. It is known that X has the structure of 
principal (C*)"“"‘-bundle p : X —> T over an m-dimensional complex torus 
T. We determine the cohomology groups HP{X, 0{L)) for p> 1. The following 
three cases occur when L is not analytically trivial; 

(1) HP{X,0{L)) = 0 for p > 1, 

(2) HP\X, o\l)) ^ O) for p > I, 

(3) HP{X,0{L)) is a non-Hausdorff Frechet space, then, of infinite dimension 
for 1 < p < TO 

(Theorem 9.1). It seems to us that this result is the first step beyond the case 
of HP{X,0). When A is a complex torus, we know HP{X,0{L)) = 0 (p > 1) 
for any homogeneous line bundle L over A which is not analytically trivial. Our 
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method gives another proof of this fact. We give examples which show that each 
of the above cases really occurs. 

The paper is organized as follows. In Section 2 we state standard coordinates 
and real coordinates of C" and the relation between them. In Section 3 we collect 
some facts about homogeneous line bundles. In Section 4 we introduce sheaves 
and and give Dolbeault-Kazama isomorphisms. Every T-periodic 

C°“ function on C" which is holomorphic with respect to the last n—m variables 
has the Fourier expansion. In Section 5 we explain the properties of such Fourier 
expansions and their derivatives. The spaces and J^’’’®(L)) 

are isomorphic as Frechet spaces. Using these isomorphisms, we translate d- 
equations to certain equations of F-periodic differential forms in Section 6. In 
Section 7 we obtain formal solutions of the above equations. Then it suffices 
to consider the convergence of formal solutions. We give conditions for the 
convergence in Section 8. Finally we prove the main result in Section 9. In the 
last section we construct examples. 


2 Preliminaries 


Let X = C^/r be a toroidal group with rankF = n + m. We use standard 
coordinates z = {zi,..., Zn) of C” for X and a period matrix P of X in the first 
normal form as 

P=(/„ S), S=(|). 

where /„ is the unit matrix of degree n and S' is a complex (n, 77i)-matrix with 
det(Im(Si)) ^ 0. The matrix S satisfies the irrationality condition 


(IS) for any r = (ri,..., r„) G Z" \ {0} we have tS ^ Z"* 

in standard coordinates because X is a toroidal group (cf. [1]). We write 
(In S) = (ei,..., e„,si,..., Sm)- For j = m + 1,..., n we set Sj := y/^ej. 
Then {ei,..., e„, si,..., s„} is a basis of C" over R. We take real coordinates 
t = (ti, ..., t 2 n) of C" defined by 


+ ^2 ^n+iSi- 
i—1 i—1 i—1 

A column vector Sj is written as Sj = ..., Snj)- We set A := (aij)i<ij<n 

and B := (&y)i<ij<n, where a^- := Re(sy) and bij := Im(sy). We note that 
Oy = 0 if 1 < i < n and m + 1 < j < n. Let C = (cij)i<ij<n '■= B~^. Then 
we have = Sij for 1 < i < n and m + 1 < j < n. We write Zi = Xi + \/—Ij/i, 
i = 1,..., n as usual. Then we have the relations 


^3 ~ ^3 ^^2 ( I Vk 


k=i \e=i 


n 

and ^n+j — ^ ^ ^jkVk 

k=l 


for j = 1,... ,n. Therefore we obtain 


d 

Bzj 



n Inn „ 

+ \/^ ( ~ X! X! 


\ k=l 


dtk 


E 

k^l 


Ckj 


din-\-k 


( 2 . 1 ) 


( 2 . 2 ) 
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for j = 

Let T = C™/A be an m-dimensional complex torus, where A is a discrete 
subgroup of C"* with period matrix (/^ Si). The toroidal group X has the 
structure of principal (C*)"'“™-bundle /r : X —>• T over T by the projection 
{zi,...,Zn) I- {zi,...,Zm)- 

3 Homogeneous line bundles 

For any a; in a toroidal group X = C"/r we define a translation : X —>■ 
Al, yi-^y + x. 

Definition 3.1. A holomorphic line bundle L over X is said to be homogeneous 
if L and T*L is analytically isomorphic for any x G X. 

A homomorphism p : T —> C* is called a (1-dimensional) representation of 
r. Since it is considered as a factor of automorphy, it defines a holomorphic 
line bundle over X. It is obvious by definition that if L is a holomorphic line 
bundle given by a representation of F, then it is homogeneous. When is a 
complex torus, it is well-known that for a holomorphic line bundle L over X the 
following statements are equivalent: 

( 1 ) L is topologically trivial. 

(2) L is given by a representation of F. 

(3) L is homogeneous. 

The above equivalence does not hold for a toroidal group in general. However 
we have the following proposition. 

Proposition 3.2 (Abe [T]). Let L he a holomorphic line bundle over a toroidal 
group X = C”/r. Then L is homogeneous if and only if it is given by a repre¬ 
sentation o/F. 

Throughout this paper we assume that L is a homogeneous line bundle over 
a toroidal group X = C"/r given by a representation p : F —>■ C* of F. Then 
there exists a homomorphism d : F —^ C such that p{^) = e(d( 7 )) (7 G F), 
where e(*) = exp(27r\/—1*). 

Lemma 3.3. The homomorphism d : F — > C is equivalent to a homomorphism 
d : F —> R with d{em+j) = 0 for j = 1,... ,n — m as summands of automorphy. 

Proof. First we may assume d(ej) = 0 for j = 1,..., n because p = e{d) gives a 
topologically trivial holomorphic line bundle. We define a discrete subgroup F 
of rank 2n by 

n—m 

F := F © TiSm+j- 
t=i 

Putting d{sm-i-j) = 0 for j = 1,... ,n — m, we extend d to a homomorphism 
d : F —s> C. Furthermore it is extended to an R-linear mapping d : C" —> C. 
If we set k := Im(d), then k : C" —> K is an R-linear mapping such that 

and 

k{sm+j) = k{\/^em-i-j) =0, j = l,...,n-m. 
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We define a C-linear mapping ^ : C" —> C by 

£{v) := k{\/—lv) + \/—ik{v), v G C”. 

Set d{'y) := d{'y) — £( 7 ) for 7 £ F. Then d : F — > M is a homomorphism 
satisfying d{em+j) = 0 ior j = 1,... ,n — m. Since £ is C-linear, d and d are 
equivalent. □ 

From now on we assume that the representation p = e{d) is given by a 
homomorphism d : F —> K. having the properties in Lemma 3.3. 


4 Dolbeault-Kazama isomorphisms 

Consider the structure of principal (C*)”“™-bundle p : X —>■ T stated in 
Section 2. We write standard coordinates z = (zi,..., z„) as z = (z', z"), where 
z' = (zi,..., Zm) and z" = (zm-i-i,. ■., Zn)- The 9-operator is decomposed as 
d = di + 82 , where di is the 9-operator with respect to z', and 82 is the one 
with respect to z". Let JT be the sheaf of germs of C°° functions on X which are 
holomorphic along the fibers (C*)"”"*, and let be the sheaf of (r, s)-forms 
with respect to {dzi,..., dzm, dzi, ■ • ■, d^m} with coefficients in £F. Similarly 
we denote by T{L) the sheaf of germs of C°° functions with valued in L which 
are holomorphic along the fibers. Let £F'^’^{L) be the sheaf of (r, s)-forms with 
respect to {dzi,..., dzm, <tzi, • ■ •, dzm} with coefficients in £F{L). 

The following proposition is due to Kazama and Umeno (Lemma 1.1 in [^). 

Proposition 4.1. For any r,s we have 

HP{X,F^’%L)) = 0, p>l. 

We have a resolution of 0{L) 


0 ^ 0{L) F{L) 


di. 


di. 




0 . 


By Proposition 4.1 we obtain the Dolbeault-Kazama isomorphisms 


HP{X,0{L)) 


Zg^iX,F°^PiL)) 


(4.1) 


(4.2) 


for p > 1, where we set 

Zg^{X,F°PiL)) := {p G H°iX,T°’PiL)y,Ap = 0} 

and Bq^{X,F°'P{L)) := 9iiF°(X, J'O'P-I(L)). 


5 Fourier expansion 

We can identify H'^{X,F) with the space of all F-periodic C°° functions on C" 
which are holomorphic with respect to z" = (zm+i, ■ ■ ■, Zn)- Real coordinates 
t = (ti,... ,t 2 n) are written as t where t' = {ti,... ,t„+m) and t” = 
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{tn+m+ 1 , ■ ■ ■,t 2 n)- Let / G H°{X,T). Since dfldzrn+j = 0 for j = 1,.. .,n-m, 
we have the following Fourier expansion of /: 

f{t)= ^ a'^exp|-27r ^ cr*t„+i j e((cr, t')), (5.1) 

(TeZ'*+'" \ i=m+l / 

where a'^ is a complex number and {cr^t') = criti. The following lemma 

follows from the well-known result for Fourier coefficients of C°° functions. 


Lemma 5.1. Let {a'^;cr G Z"+™} be a sequence of complex numbers. We 
consider a formal series 

a'^exp|^-27r e((CT, t'))- 


CTeZ"+" 




Then the series converges to a function in F) if and only if for any R> 0 

and any k > 0 we have 

sup{|a"|i?^^=-+i G < oo- 

We write a G Z”+’" as ct = {o',a",a"'), where a' = (cti, ..., (Tm), cf" = 
(um+i,..., cr„) and a’" = (ct„+i, ..., On+m)- If we set 


f^(t) := a'^exp ( -27r ^ (Jitn+i | e{{a,t')) 

\ i=m+l / 

= a'^e((cr, t') + t")), 

then (5.1) is rewritten as 

/w= E /"W- 




By (2.2) we obtain 


df 


-^(i) = T^^CkjK^^kTit) 


k=l 


for j = 1 ,..., TO, where we set 


Lf(T,fc ■— ^ ^ ^n+k 

1=1 

for fc = 1,.. ., TO. We note 

:= (iG,,i,..., = (a', a")^ - a" 

for cr = (ct', ct", ct'") G Z”+’”. Put 

m 

Lf(T,J •- ^ ^ ^ 


i=l 


for j = 1,..., TO. We rewrite (5.3) as 


^(i) = 


(5.2) 


(5.3) 


(5.4) 


(5.5) 


(5.6) 


for j = 1,..., TO. Let K(j := (iLo-p,..., Ka-^m)- Then we have the relation 

Xa — '^Xfj[cjk)l<j^k<m' (^•'^) 
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6 Translation of equations 

Let L be a homogeneous line bundle over a toroidal group X = C"/r with 
rankr = n + m. It is given by a representation p = e(d) of F, where d : F —> R 
is a homomorphism having the properties in Lemma 3.3. We define a linear 
polynomial a{t) in t by 


m m 

a(0 := - X! “ X! d{Si)tn+i. (6.1) 

i=l i=l 

It is easy to check that 

a(t + 7 ) + d( 7 ) — a(t) = 0 ( 6 . 2 ) 

for any 7 € F and any t G By (2.2) we obtain daj&zi = 0 for % = 

TO + l,...,n. Then we have a € iF°(C”, 7 r*J^), where tt : C" — >■ X is the 
projection. We set 

F(t) := e(a(t)). 

We can consider iF°(X, J’’'-®), H°{X,F^’%L)) and HP{X,OiL)) as Frechet 
spaces in the usual manner. Then the multiplicity by F(t) gives isomorphisms 
between Frechet spaces 

FH°{X,F^’^L))—> H°{X,F^’'^), ip^Fp 

by (6.2). We set 

G{t) := F{t)-^ = e{-a{t)). 

Then, for any p G FI^{X,F^’P{L)) there exists uniquely (p G II^(X,F^’P) such 
that 

p = G(f>. (6.3) 

By a straight calculation using (2.2) we obtain 


-a{t) 


■ ^ ) I d{ej) V 1 ^ ( ( d{si)cij d{ej) ^ ) citkCkj 


1 

2 


fe=i 


^ ' ( ^i^j) + ^ ^ ' ( d{si)cij d{ej) ^ ( ciikCkj 


i=i 





Then, setting 


cxj .— c?(6j) y/ 1 ^ ^ I d(^Si^Cij d(^Ci^ ^ ^ o^ikOj^j I , 


2=1 


k^l 


we have 


We denote 




(6.4) 


i=i 


j4i :— (o-2fc)l<2,fc<m B'lld (J\ :— 
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Then we have 


(o^i, . . . , CXrn^ — ^(^m)) 

- '/^{id{si),...,d{sm)) - {d{ei),...,d{em))Ai}Ci. 


Operating di on G{t), we obtain 

771 

= TrV^Gj2'^jdzj- 

j=i ^ i=i 

We set $0 := J^JLi fdjd^j, where Pj := 7r-\/^aj. Then we have 

5iG = G$o. (6.5) 

By the relation (6.3) we obtain 

di(p = G{^o A (j) + di4'). ( 6 . 6 ) 

Therefore dicp = 0 if and only if 

$oA(/) + ai()i = 0. (6.7) 

We assume that there exists r] G JI^(X, with dir/ = ip. Then we 

can take ip G such that r/ = Gip and 

()) = $0 A V' + dipr (6.8) 

by (6.6). Therefore the problem to find r/ with dir/ = p ion p G Zq^ {X, X^’'p{L)) 
is translated to the following problem. 

Problem. For any (p G H^(X,X^’P) satisfying (6.7), does there exist 
ip G such that the equation (6.8) holds? 


7 Formal solutions 

We may assume that the homogeneous line bundle L is not analytically trivial. 
Then we have a{t) ^ 0. This means (Si,..., Om) (0,..., 0). Hence we have 

(/?!, . . . , /?m) — TT'x/-—T(oi ,...,Om) ^ (0,...,0 ). 

Consider equations ^ 

+/3i = 0, j = l,...,m. 

It is easily seen that (7.1) is equivalent to 

KfyGi + V—l(ai,..., am) = (0,..., 0 ). 

Furthermore, (7.2) is equivalent to 

(cr', CT")Re(5') + a'" + (Im(ai),..., Im(am))Gf ^ = 0, 

(cr', CT")Im(S') + (Re(ai),..., Re(am))Gf^ = 0 

by (5.5). We note that (7.3) does not hold for ct = 0. 


(7.1) 

(7.2) 

(7.3) 
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Lemma 7.1. If there exists (Jq = (CTg,CTg,(TQ") € \ {q} satisfying (7.3), 

then it is unique. 

Proof. Suppose that a = {a', a", a'") £ \ {0} also satisfies (7.3). Then we 

have 

..." „n\c< I I/I III _ g, 

(CT — — (Jq)D-\-(J — CTq — (J. 

By the irrationality condition (IS) we obtain cr — cto = 0. □ 

We define 


Z := 


fZ"+-\{ao} 

I 


if there exists (Tq with (7.3), 
otherwise. 


For any a £ denote by j (a) the smallest integer j satisfying 

+/3j| =max{\K„^k +I3k\;k = 


We note j('^o) = 1 for co satisfying (7.3). 

Every ip £ II^(X, has the Fourier expansion 

</)= ^ r, r = e((a,t'} + V^((a",n))>^, (7.4) 

g.gZn + m 

where (pf is a (0,p)-form with constant coefficients. For any cr £ we have 

the unique representation 


E 




■ E < 


dz ■ 


A dzi^ A • • • A 


(7.5) 


where 


G C. 


Ci...*p_i = al,^...^p.^e({a,t') + v^(cr",t"))> Ci...ip_i 

Here we mean that j ^ = 0 if j(a) £ {ii,..., ip-i}. Since 


a,r = Y. \ T, 


dz. 


iW) 


dzj 


A dzi^ A • • • A dzi^_^, 


X dzj^^p,) A dzj 



we have 




E 






dz. 


j(<^) 


d(f>' 


...ip-i I /3 j,(T a j,<T 


j¥^k 


X dzj{cr) A (izj + E 

j,k^ 

A rfzii A • • • A dzip_i. 

It follows from (5.6) that 


(7.6) 




— Ka-^k4^ 


Jii.. .tp—i 


If (f) satisfies (6.7), then 

{Kcr,j{a) + Pji<y))<Pjii...ip-i = + Pj)^’j(a)ii ...ip-i 

for j ^ and 

Pk<i)j^,...ip_, =0 


(7.7) 


(7.8) 


for j,k ^ {j{a),ii,.. ■ ,ip-i} with j ^ k. 

Assume that there exists tp G satisfying (6.8). We have the 

expansion ip = X]CTeZ"+™ as (7.4). Each ip'^ has the representation 


where 

Since 
diip"^ = 

and 


E A---Adz,^_i, 


= K...1P-AM + ^AiA'X)), K...1P-1 G c. 


(7.9) 


E 




l< 2 i<-"<ip_i<m 


&z. 


dz. 


o{<^) 




E 


dip. 




&z. 


A dzi^ A • • • A dzip_i 


$oAV''^= A---Adzip_i, 

l<ii<---<fp_ 1 <m \k—l / 


we have 


1 1 

+ AAL..ip-i = A^)n...ip.i 


(7.10) 
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and 




dzj 


+ Pji’t-ip-l — 


J1l • • •'ip— 1 


(7.11) 


for j ^ {j{a),ii,... It follows from (5.6) that (7.10) and (7.11) are 

equivalent to ^ 

+ /3i(<T))V’ii...ip_i = C^-l^) 

and ^ 

(7.13) 

for j ^ {jicr), ii,..., ip-i}, respectively. Then for any a € Z and any ii,..., ip-i 
with 1 < ii < • • • < ip-i < m we set 




^<y,3{rr) + 


(7.14) 


We note that {f/'q...* _i} satisfy (7.13) for _j} have the property (7.7). 

We define by (7.9). We consider the formal sum 


^ := 


aez 

Then, if Z = Z"+’", then we have 

(f) = f\'ip + di4> 

and if Z = Z"+’” \ {ctq}, then we have 

(/) = $0 A V' + diip + 4 >'^°, 

where 

= e((CTo,t') + v^(o-o,t"))C“- 


(7.15) 

(7.16) 

(7.17) 


8 Conditions 

We define d{L) G C™ for any homogeneous line bundle L over a toroidal group 
X by 

d{L) := v^(ai, • ■ • ,am)C^^ ■ 

Then we have 

{k,^i+h,---,K„^^ + P^)=TT{K„ + d{L))Ci. ( 8 . 1 ) 

Noting Ka + d{L) = —a'" + d{L) ^ 0 for any a & Z with (cr', a”) = (0, 0), we 
set 

mo := min{|| — a'" + d{L)\\] (0,0, a'") G Z}. 

Then we have 

m^<\\K, + d{L)\\ (8.2) 

for any a = (0,0, cr'") G Z. We consider the following condition {H)s'. 

{H)s There exists r > 0 such that 

||7fa + d(i)|| >r-b-'’-")l 

for all CT G Z with (ct', a") ^ (0, 0). 
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Lemma 8.1. The condition {H)s is equivalent to the following condition {HYg-. 
{HYg There exist constants C > 0 and a > 0 such that 

\\K^ + d{L)\\ > C'exp(-a|((j',cr")|) 

for all a & Z with {a', ct") Y (0,0). 

Proof. Let r > 0 be a constant for which the condition {H)s is satisfied. For 
any r' with r' > r the condition {H)s holds. Therefore we may assume r > 1. 
Then the condition {HYs holds for (7 = 1 and a := logr. 

Conversely, we suppose that the condition {HYs satisfied for some con¬ 
stants C > 0 and a > 0. We take r > 0 with 

log r > max{a — log C, a}. 

Then we have 

< (7e-“^ (A > 1). 

Therefore we obtain 

)l < (7exp(-a|(cr',CT")|) < WK^r + d{L)\\ 

for any a G Z with {a', a") Y (0, 0). □ 

Lemma 8.2. The condition {HYg is equivalent to the following condition {HYs- 
{HYs There exist constants C > 0 and a > 0 such that 

\\K„ -T d{L)\\ > (7exp(-a|(T"|) 

for all a & Z with {(T',a") Y (0,0). 

Proof. Since 

exp(-a|(cr',cr")|) < exp(-a|cr"|), 

the condition {Hff obviously implies the condition {Hfs- 

We suppose that the condition {Hfs is satisfied. It is trivial that we can 
take constants C > 0 and a > 0 satisfying the inequality in {Hff for any a G Z 
with {a', a") Y (0,0) and \\Ka -f d{L)\\ > 1. Therefore, it suffices to consider 
the condition {HYs for the following set 

S := {a G Z; (a', a") Y (0,0), \\K, + d{L)\\ < 1}. 

We write d{L) = {d{L)i,..., d{L)m) G C™. Let cr G S. For any I = 1,..., m 
we have 

m m 

r'’jlm(sj^) < '^jSjt — (Xn+e. 
i=i i=i 

n 

< ''^^ajSji — an+i + d{L)i -G\d{L)i\+ 'XjSji (' 83 ) 

j=l j=7n+l 

n 

<||iL. + d(L)|| + ||d(L)||+ ^ Is,,IK-1 
<l + |M(L)||+7ik"|, 
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where we set 


7 i := inax{|sj£|; l<j<n, 1 <^< to}. 
Since det(Im(S'i)) ^ 0, there exists 72 > 0 such that 


max ■ 


i=i 


;£ = 1,. . .,TO > > 72^ I 


(8.4) 


i=i 


By (8.3) and (8.4) we can take constants 7 ( > 0 and 72 > 0 such that 

m n 

XI kjl < 7^+72 X 


i=i 




Let C > 0 and a > 0 be constants satisfying the condition {HYg. Then we 
obtain 


\Ka + d{L)\\ > C'exp(-a|((T',CT")|) 

/ m \ 

= C exp I —Q^X/ 


- E 


2=1 




> C'exp(-a7()exp I -a(l+ 72 ) X I'^il 


for (T G S. This finishes the proof. 


□ 


9 Cohomology groups 

The following theorem is our main result. 

Theorem 9.1. Let L —> X be a homogeneous line bundle over a toroidal group 
X = C”/r with rankr = n + to. We assume that L is not analytically trivial. 
We consider the condition {H)s in Section 8 and the set Z defined after Lemma 
7.1. Then one of the following cases holds. 

(I) The case that the condition {H)s is satisfied for d{L). 

(i) If Z = Z"+'", then HP{X, 0{L)) = 0 /or p > 1. 

(a) If Z = \ {cToj, then 

HP{X,0{L))1^HP{T,0) /orp>l, 

where T is an m-dimensional complex torus over which X is a principal (C*)"“'"- 
bundle. 

(II) The case that the condition {II)s is not satisfied for d{L). 

For any p with 1 < p < to, HP{X,0{L)) is a non-Hausdorff Frechet space, 
then, of infinite dimension. 

We need the following lemma for the proof of Theorem 9.1. 

Lemma 9.2. Under the assumption of Theorem 9.1, Bg^{X,J^’P{L)) is a 
closed subspace of Zq^(X, J^'P(L)) if and only if the space 
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is a closed subspace of 

{(f G H°iX, $0 A (^ + ai(/. = 0}. 

Proof. For any sequence in H^{X,J^’P~^{L)) there exists uniquely a 

sequence in H^{X, such that and 

= G ($0 A . 

Then {dip^^^} converges to some p G Zg^(X,iF^’P{L)) if and only if {$oA(/)^^^ + 
i9i(/)(*)} converges to r with p = Gt. Therefore there exists p G H^{X, T^’P~^{L)) 
with p = dip a and only if there exists (p G H^{X, such that 

r = $0 A (/) + dip. 


□ 

Proof of Theorem 9.1. Take any p G H'^{X,X'^’P) satisfying (6.7). Then we 
have the formal solution p = X^crez of (7-16) or (7.17), where p°' has the 
expression (7.9). 

(I) We assume that the condition {H)s is satisfied. By the definition of j{a) 
we have 


< vm 




PjG) 


\Ka + (/?!, • . • , Pm) 

There exists a positive constant M such that 

\\K, + d{L)\\ <MjK, + ipi,...,Pm) 

by (8.1). Then we obtain 


Pi{o 


> 


1 


yPnM 


\K^ + d(F)||. 


By Lemmas 8.1 and 8.2 we can take G > 0 and a > 0 such that 
\\Ka- + d{L)\\ > G exp(-a|CT"|) 


(9.1) 


(9.2) 


for any a G Z with {a',a") p (0,0). Since V'fi...ip_i is defined by (7.14), it 
follows from (9.1) and (9.2) that 


rr 


< exp (a I a" I) 


for any a & Z with {a', a") p (0,0). Moreover we have 

^JmM 






< 


Too 




for any a G Z with {a', a”) = (0,0) by (8.2). Therefore the series p = Xcrez 
converges by Lemma 5.1. 

If Z = Z"+’" \ {cto}, then we have 


(/) = $0 A V' + dip + p'^°. 
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Therefore (/? = Gt/) is 9i-cohomologous to . Since 


G0"« = Ge((ao,t') + 


we obtain 

HP{X,0{L)) ^ HP{T,0). 

(II) Suppose that the condition {H)s is not satisfied, but HP{X,0{L)) is a 
Hausdorff space for some p with I < p < m. Then Bg^{X,X^’P{L)) is a closed 
subspace of Zg^ {X, X'^’P{L)). By Lemmas 8.1 and 8.2 the condition (iL)g is not 
satisfied. Then, for any ^ G N there exists a{v) = {a{u)',a{v)",a{vy") G Z 
with ,a{v)") (0,0) such that 

+ d{L)\\ < ^e-xp{-v\a{v)"\). 


We set 


5'^ := 


K, 


exp(-i/|cr(iy)"|) 


if (T = cr(^) for some v, 
otherwise. 


For any cr G Z we take zi,..., Zp_i with 1 < zi < • • • < Zp_i < m such that 
j{(j) ^ {zi,... ,Zp_i}, and we define 


V''" := A---Adzip_i, 

where 

=^"e((a,^') + v^(<T",^"))• 

We consider the formal sum ^|) := ■ Since 


exp(-Ha(zz)"|) 


> V, 


does not converge. On the other hand, we have 
$0 A 

(^^(7,j(a) “b ...Zp-i A ctZii A * * * A dZip-l 

+ 'y ( A dzil A • • • A dzi ^_-^. 


Since 


,^cr{v),j + 


ft') S ^ + ft'((T(i/))) ^ 

= exp(-zy|cr(zz)"|), 


X]<T6z(‘^oA'i/'‘^+5iV''^) converges. By Lemma 9.2 there exists A G H^{X, J^'P ^) 
such that if we set 

^ ($0 A ■0'^ + ftz/>'^), 

(tGZ 
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then ^ = <I)o A A + 9iA. We express (j) as in (7-4) and (7.5). We expand A as 
where 




For any a G Z we have 


K i c. 

L \ ... 4 p_ 1 


$0 A f/''^ + = $0 A A*^ + 9iA'^. (9.3) 

We also have 

A A^ + d\\^ 

~ 5Z {(77<^j(<t) +•^ii...ip_i'^j(<T) 

l<ii<---<Zp_i<m 

+ X ' 4” j- A dzij A • • • A d'Zi^_-^. 


Comparing the coefficients of d2j(o.) A A • • • A dzi^_^ in both sides of (9.3), 
we obtain 

(^K<7,j(a) + /4j((T)) d 

^ p-i ^ 

= +/4i((T)) + Afc) ^ii...ij,_ij(cr)jfc+i...ip_i- 


Then we have 
6'^ =b: 


p-i 


Zl...Zp_l 


+ >.(- 1 ) 


if. 


fc=i 


if, 


-b° 


<Tj(o-) 






Since _ 

ifcr,ifc + /jjfc ^ 

4” 

and X(ctgZ"+™ converges, X^.ez must converge. This is a contradiction. 

□ 

10 Examples 

In this section we give examples which show that each of the cases in Theorem 
9.1 really occurs. 

Example 10.1. Let T be a discrete subgroup of rank 3 in whose period 
matrix is 

^=G ° 

Then X = C^/T is a toroidal group for the irrationality condition (IS) is 
fulfilled. Let z = (zi,Z 2 ) be standard coordinates of with respect to P. 
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We write P = (ei,e 2 ,si), where si = ‘(sii,S 2 i) = We set 

S 2 = *(si 2 ,S 22 ) := ‘(0,-\/^). Let t = (ti,^ 2 ,^ 3 ,^ 4 ) be real coordinates of 
with respect to {ei, 62 , si, 52 }- In this case the matrices A, B and C in Section 
2 are as follows: 

A = (Re(sij)) =0, B = (Im(sij)) = and C = 



For any a = (cti, (72, cts) G we have 

Ka,i = V^iaia + CT2) - era- 


Furthermore we have Ka- = Ka-^i and Ka- = = -nK^a. 

We consider a homomorphism d : F —>■ R such that c?(ei) = d{e 2 ) = 0 and 
(i(si) G R \ Z. Let L be the homogeneous line bundle over X given by a repre¬ 
sentation p( 7 ) = e(c?( 7 )) (7 G F). In this case we have ax = —\/^X{d{si)/a), 
j3\ = —{'nd{si))/a and d{L) = —(i(si). Then we obtain 

+ d{L) = y^^{aia + (J2) - (0-3 -|- d{si)). 

Since the equality + Pi = 0 is equivalent to + d{L) = 0, we have Z = lA. 
We note 

\Kcr + d{L)\ > \aia + a2\- 

We assume that a is an algebraic number. By Liouville’s theorem we see at 
once that the condition {H)s is satisfied. This is an example for the case (i) in 
(I) in Theorem 9.1. 

Example 10.2. We consider a period matrix 


P = 


(1 0 

1^0 1 ay’ 


a G R \ Q. 


It is easily seen that X = C^/F is a toroidal group, where F is the discrete 
subgroup of given by P. As in Example 10.1 we write P = (ei, 62 , si). Take 
a homomorphism d : F —^ R such that d{ei) = d{e 2 ) = 0 and d{si) G R \ Z. 
Then a representation p = e{d) of F defines a homogeneous line bundle L over 
X. We obtain 

Kcr + d{L) = -x/^CTi -I- (T2a — as — d{si) 
by a straight calculation. 

We assume that a is an algebraic number. We set d(si) := a. By Liouville’s 
theorem there exist C > 0 and G N such that 


jqa 


P\ > 


C 

1 ^ 


for p,q G Z with q ^ 0. Then we obtain 


\K„ + d{L)\ > |(ct 2 - l)a - CT 3 I 
C 

- k2-ir 

> exp(—Af|(T 2 |) 
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for any cr S with a 2 ^ 1- This is the condition {Hyg. Moreover, for cto = 
(0,1,0) we have 

K^o +Pi= AKao + d{L)) = 0. 

Example 10.3. The following example is a modification of Vogt’s example 
(nni). In Example 10.2 we set 


a = d{si) := ^ 10^ \ 

i=i 


For any v G N we define 


:= and := 

Then there exists C > 0 such that 

\q^a -p^\<Cexp{-ql) 
for sufficiently large v. We set 

:= {0,q^ + l,p^) 

for z/ G N. We suppose that the condition {H)s is satisfied. By Lemmas 8.1 
and 8.2 we can take constants C > 0 and a > 0 such that 

litTcr + d{L)\ > C'exp(-a|cr 2 |) 

ioT a G Z with (cri,(T 2 ) 7 ^ (0,0). Especially the above inequality holds for a^'^y 
On the other hand, we have 

+ d{L)\ = \a^2''^a - - a\ = \qya-p^\. 



Then we obtain _ 

C 

0 < ^ < exp {-ql + a{q^ + 1)) 

for sufficiently large v, which is impossible. Thus we conclude that the condition 
{H)s is not satisfied. 
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